We consider an universal mass matrix model which has a seesaw-invariant structure with the most general texture based on flavor 2 ↔ 3 symmetry common to all quarks and leptons. The CKM quark mixing matrix of the model is analyzed. It is shown that the model is consistent with all the experimental data of quark mixings by tuning free parameters of the model. We also show that the values of parameters of the present model consistent with the experimental data are not far from the ones of the mass matrix model with a vanishing (1,1) element.
I. INTRODUCTION
The discovery of neutrino oscillation [1]- [5] indicates that neutrinos have finite masses and mix one another with near tri-bimaximal lepton mixings in contrast to small quark mixings.
In order to explain the large lepton mixings and small quark mixings, mass matrix models with various structures such as zero texture [6]- [51] , flavor 2 ↔ 3 symmetry [52] - [95] etc.
have been investigated in the literature. Based on an idea that quarks and leptons should be unified, it is an interesting approach to investigate a possibility that all the mass matrices of the quarks and leptons have the same form which can lead to the large lepton mixings and the small quark mixings simultaneously. Since the mass matrix model is intended to be embedded into a grand unified theory (GUT), it is also desirable for the model to have the following features: (i) The structure is common to all the mass matrices, M u , M d , M e , and M ν for up quarks (u, c, t), down quarks (d, s, b), charged leptons (e, µ, τ ), and neutrinos (ν e , ν µ , ν τ ), respectively. (ii) Since we assume the seesaw mechanism [96] - [101] for neutrino masses, the structure should conserve its form through the relation
We call this structure as a seesaw-invariant form [102] . Here M D ,M L and M R are, respectively, the Dirac, the left-and the right-handed Majorana type neutrino mass matrices, which are also assumed to have the same structure.
In our previous works [88, 89, 90, 93, 94, 95] , we investigated a mass matrix model based on the flavor 2 ↔ 3 symmetry. We pointed out that this approach leads to reasonable values for the small quark mixing as well as the large lepton mixing, and that the same texture form can give a universal description of quark and lepton mass matrices. In those works, we assume that (1,1) element of the mass matrix is zero. However, it is not clear that vanishing
(1,1) element is necessary. From a phenomenological point of view, it is preferable [103] for mass matrix to have as many components as possible based on flavor 2 ↔ 3 symmetry in order to be embedded into a GUT. If the experimental data prefer a vanishing (1,1) element, there must be some discrete symmetry [88] .
In this paper, as typical mass matrices which have the features mentioned above, we consider quark mass matrices M f for f = u and d with a nonvanishing (1,1) element and most general 2 ↔ 3 symetric form given by
(1.1)
Here P f is a diagonal phase matrix given by
Here we consider a nonsymmetric matrix M f which is the most general form based on the 2 ↔ 3 symmetry defined by
, and D f are real parameters. It is noted that the diagonal phase matrix P f which breaks 2 ↔ 3 symmetry has been introduced from a phenomenological point of view. We believe that 2 ↔ 3 symmetry or more higher A 4 is essentially concerned with real matrix. These have nice characters as a dominant part at least in the lepton sector. However, CP violating phases are very important in the lepton sector as well as in the quark sector. We present analytical expressions for the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix [104] - [105] of the model and investigate whether the model is consistent or not with the experimental data.
This article is organized as follows. In Sec. II, we discuss the diagonalization of mass matrix of our model. In Sec. III, analytical expressions of the quark mixing matrix of the model are given. Data fitting of the CKM quark mixing matrix of the model is also discussed.
Sec. IV is devoted to a conclusion and discussion.
II. DIAGONALIZATION OF MASS MATRIX
We discuss a diagonalization of the mass matrix M f . First we argue a diagonalization of M f given by Eq. (1.3). This is diagonalized by two orthogonal matrices O f 1 and O f 2 as
where m f 1 , m f 2 , and m f 3 are eigenvalues of M f . The orthogonal matrices O f 1 and O f 2 are given by
where U is a tri-bimaximal mixing matrix given by
Here we parameterize ϕ f 1 and ϕ f 2 as sifts of O f 1 and O f 2 from a tri-bimaximal mixing matrix.
We have five component parameters in
If we fix the m f i by the observed quark mass, we have two free parameter left. Therefore we choose ϕ f 1 and ϕ f 2 as the free parameters. Namely, the components
3) are presented in terms of ϕ f 1 and ϕ f 2 as follows:
Here α is a constant angle defined by
III. CKM QUARK MIXING MATRIX
Let us discuss the quark mixing matrix. The mass matrices M u and M d for the u-and d-quarks are, respectively, given by
where P u and P d are diagonal phase matrices and M u and M d are given by Eq. (1.3). The
The unitary matrix U Lf and U Rf are, respectively, described as
Therefore the CKM quark mixing matrix U CKM of the model is given by
where P ≡ P u P † d is diagonal phase matrix given by
Here we take α d3 = α u3 = 0 without any loss of generality. 
14)
It should be noted that the above expressions of (U CKM ) ij do not depend on the quark masses m ui and m di (i = 1, 2, 3) of up and down quarks, respectively, which we denoted as (m u , m c , m t ) and (m d , m s , m b ) and fix by the observed masses. Namely, only two component parameters ϕ u1 and ϕ d1 and two phase parameters τ and σ are left as free parameters in the above expressions of (U CKM ) ij . Using this feature of the model, we can reproduce the observed data for (U CKM ) ij as will be shown later.
By using the rephasing of the up and down quarks, Eq. (3.6) is changed to the standard representation of the CKM quark mixing matrix, 
Here ζ q i comes from the rephasing in the quark fields to make the choice of phase convention. By using the expressions of U CKM in Eqs. (3.8)-(3.11) , the CP violating phase δ q in the quark mixing matrix is given by 
The ratios among CKM matrix elements are
In the numerical calculations, we use the running quark masses which is estimated in
Ref. [106] [minimal supersymmetric standard model with tanβ=10 case] : By using the above experimental constraints as inputs, we obtain consistent solutions for the parameter τ , σ, ϕ u1 , and ϕ d1 of our model from our exact CKM matrix elements given by Eqs. (3.8), (3.11), (3.10), and (3.16) .
From the expressions of |(U CKM ) 31 | and |(U CKM ) 32 | in Eqs. (3.13) and (3.14), we obtain the following constraint for the parameter ϕ d1 , which holds irrespectively of the free phase parameters τ and σ and also ϕ u1 .
In doing parameter fitting, we first derive allowed region in the plane of the parameters 
IV. CONCLUSION AND DISCUSSION
We consider the following mass matrix model for quarks with an universal form given by
where M f is given by Eq. (1.3). The form of M f is the most general one based on the 2 ↔ 3 symmetry. In order to reproduce the experimental data, we do fine-tuning the free parameters of the model as shown in Fig. 1 and Fig. 2 . Then, we find that the CKM quark mixing of the model is consistent with the experimental data.
Let us compare our present model with the mass matrix model [88] , which has symmetric M f and a vanishing (1,1) element due to Z 3 symmetry and seesaw invariance in addition to 2 ↔ 3 symmetry, given by
This model, which predicts somehow small value for |U 13 |, is derived from our present model by taking the following ϕ f 1 and ϕ f 2 which are restricted by the expressions in terms of the quark masses as ϕ f 2 = ϕ f 1 and tan
This corresponds to fixing the parameters ϕ d1 and ϕ u1 as ϕ d1 = 0.395 and ϕ u1 = 0.674, if we use the quark mass values [106] 
